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Abstract: Casimir-Polder interactions are considered in an inhomogeneous, dispersive back-
ground. We consider both the interaction between a polarizable atom and a perfectly conducting
wall, and between such an atom and a plane interface between two different inhomogeneous
dielectric media. Renormalization is achieved by subtracting the interaction with the local
inhomogeneous medium by itself. The results are expressed in general form, and generalize
the Dzyaloshinskii-Lifshitz-Pitaevskii interaction between a spatially homogeneous dielectric
interface and a polarizable atom.
© 2018 Optical Society of America
1. Introduction
In 1948 Casimir and Polder [1] first incorporated retardation, the finite speed of light, into the
quantum interaction between neutral polarizable atoms, thus generalizing the van der Waals
interaction worked out by London in 1930 [2]. They considered both the interaction between
two such atoms, and the interaction of such an atom with a perfectly conducting wall. In both
cases, the background was considered to be vacuum. Both types of interactions are referred
to as Casimir-Polder (CP) interactions. In this paper we consider the CP interaction in an
inhomogeneous medium between an atom and a flat interface, which might be a perfectly
conducting plate or a plane across which the permittivity is nonanalytic. For reference, we remind
the reader of the CP potential between an atom having isotropic electric polarizability α and a
perfect mirror at a distance Z away in vacuum (~ = c = 1):
ECP = − 3α8piZ4 , (1)
where the transverse magnetic (TM) and transverse electric (TE) contributions are in the ratio
5 : 1. This has been observed in experiments [3, 4].
This paper is part of a program of investigating Casimir energies and stresses in inhomogeneous
media. Casimir forces themselves were originally derived for bodies separated by vacuum by
Lifshitz [5], and only later generalized to a background consisting of a homogeneous dielectric [6].
Relatively little has been done when the background medium is inhomogeneous. In the Casimir
context, we can cite the work of Griniasty and Leonhardt [7, 8], and of Bao et al. [9, 10]. Our
group had first investigated scalar fields in an inhomogeneous half-space, studying the divergences
that arise, as well as the singularities that occur in the vacuum expectation value of the stress
tensor and the energy density [11], and earlier references cited therein. Efforts were made to
effect a suitable renormalization [12]. We generalized these investigations to electromagnetism,
and found universal behaviors for both divergences and singularities [13]. Most germane to
the present investigation is the computation of energies and stresses between perfect reflectors,
and between parallel planes of nonanlyticity, when the media exhibit both spatial variation (in a
single perpendicular coordinate, z), and dispersion [14].
In the next section we will consider an atom above a conducting plane, but now with a medium
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which has a permittivity ε(z, ω) depending both on the position z above the plane, and on the
frequencyω, that is, the mediummay be dispersive. (We will for simplicity disregard dissipation.)
We will usually suppress the dependence on frequency in our formulas. In Sec. 3 we will
generalize this situation to two parallel dielectrics, one with permittivity ε1(z) and the second
having permittivity ε2(z), the first extending from −∞ < z < 0 and the second from 0 < z < ∞;
we assume the atom is in the positive z region. We assume that ε1,2 are analytic functions
of z in their respective regions. The expressions directly obtained are divergent; they will be
renormalized by subtracting the energy that would be present if only one inhomogeneous medium
would be present, i.e., in the absence of the wall or discontinuity. The resulting expressions
are finite and generalize the usual CP interaction energy. Sec. 4 gives numerical results for a
nontrivial solvable model. Concluding remarks are offered in Sec. 5.
2. CP interaction with perfectly conducting wall
For the planar geometry considered, the Green’s function describing the background can be
decomposed into two parts, TE and TM. The corresponding reduced Green’s functions are
denoted by gE,H . The CP interaction energy between the background and a polarizable atom can
be written in terms of the trace of the electromagnetic Green’s dyadic, or as (see, for example,
Ref. [13])
ECP = −12Tr Γ(Z, Z)4piα(Z)
= −2piα
∫ ∞
−∞
dζ
2pi
∫ (dk⊥)
(2pi)2
[
1
ε(z)2 ∂z∂z′g
H (z, z′) + k
2
ε(z)2 g
H (z, z′) − ζ2gE (z, z′)
]
z′=z
.(2)
Here we have made a Euclidean rotation to imaginary frequencies, ω→ iζ , and the dependence
on ζ of the permittivity and Green’s functions is implicit. We will in this section consider a
perfectly conducting boundary at z = 0, while the atom is located at z = Z > 0.
2.1. TE mode
The TE Green’s function satisfies
[−∂2z + k2 + ζ2ε(z)]gE (z, z′) = δ(z − z′), (3)
which can be solved in terms of solutions of the corresponding homogeneous equation, F and G,
where F goes to zero as z →∞ and G(0) = 0. The construction of the Green’s function is
gE (z, z′) = F(z>)G(z<)
β
, (4)
where β is the Wronskian, β = [F,G], a constant in this case, and where we introduced the
notation
[ f , g](z) = f (z)g′(z) − f ′(z)g(z), (5)
which notation will be used even if f and g do not satisfy the same differential equation.
Inserting this construction into the formula for the TE energy (2) yields a divergent expression;
even if the reflecting wall were not present, the atom would experience an infinite force from the
inhomogeneous medium. We subtract the energy due to filling all of space for z < 0 with the
(unique) analytic continuation of ε(z), imposing a convenient boundary condition at the nearest
singularity on the real axis. This singularity may be at −∞. In most cases it will suffice to choose
the solution that vanishes at the singularity. Doing so corresponds to a Green’s function of the
same form as Eq. (4) except that G is replaced by G˜, which satisfies the same differential equation
but vanishes not at zero but at the singular point, symbolically denoted −∞. (We will give an
explicit example of the singularity occurring at a finite point in Sec. 4.) If we normalize G˜ to
retain the same Wronskian in the two situations, we see that
G(z) = G˜(z) − G˜(0)
F(0)F(z). (6)
If we subtract the reference energy (without the plate) from the energy with the plate, we obtain
the finite “renormalized” energy, which refers to the interaction between the plate and the atom:
ETER = −2piα
∫
dζ(dk⊥)
(2pi)3 ζ
2 G˜(0)
F(0)
F(Z)2
β
. (7)
A small check of this formula is to examine what happens when the medium is a vacuum, so
F(z) = e−κz, G˜(z) = eκz, β = 2κ, (8)
and then we immediately find the expected TE CP energy:
ETECP = −
α
16piZ4
. (9)
2.2. TM mode
The TM Green’s function obeys(
−∂z 1
ε(z)∂z +
k2
ε(z) + ζ
2
)
gH (z, z′) = δ(z − z′), (10)
which again may be solved by the construction (4) where now F and G are solutions of the
homogeneous equation whose derivatives vanish at z = ∞ and z = 0, respectively. Then,
following the procedure above we find the renormalized TM contribution to the CP interaction
energy:
ETMR = 2piα
∫ ∞
−∞
dζ
2pi
∫ (dk⊥)
(2pi)2
1
βε(z)2
G˜′(0)
F ′(0)
[
F ′(Z)2 + k2F(Z)2] . (11)
where G˜ is the solution to the homogeneous equation with the boundary condition of vanishing at
−∞, when the inhomogeneous dielectric extends over all space. In this case, the Wronskian is not
constant, but is related to β byWH (z) = βHε(z). Again, we can check this result by specializing
to a vacuum medium, as in Eq. (8), which yields the expected result
ETMCP = −
5α
16piZ4
. (12)
3. Dielectric half-spaces
Now we consider a background consisting of two analytic permittivities,
ε(z) =

ε1(z), z < 0,
ε2(z), z > 0,
(13)
For the TE mode, we can, of course, write the reduced Green’s function as
gE (z, z′) = 1
β
F (z>)G(z<), (14)
where β is a constant, in terms of solutions of the equation
[−∂2z + k2 + ζ2ε(z)] 
F
G
= 0, (15)
where F → 0 as z → +∞, G → 0 as z → −∞. Let the fundamental solutions in the two
different regions of analyticity be denoted F1,G1 and F2,G2, respectively, with the boundary
conditions that F2 → 0 as z → +∞, G1 → 0 as z → −∞. Then, requiring continuity of F and
G and their derivatives leads to (z, z′ > 0)
gE (z, z′) = 1
ββ2
F2(z>) {[F2,G1](0)G2(z<) − [G2,G1](0)F2(z<)} , (16)
where we have used the Wronskian notation (5), while the (constant) Wronskians are
β = [F ,G], β2 = [F2,G2]. (17)
β2 is arbitrary, depending on how the functions are normalized, but it follows from Eq. (16) that
β = [F2,G1](0). Therefore, the CP energy of the atom is given by
ETE = −2piα
β2
∫ ∞
∞
dζ
2pi
∫ (dk⊥)
(2pi)2 (−ζ
2)F2(Z)
(
G2(Z) − [G2,G1](0)[F2,G1](0) F2(Z)
)
. (18)
This expression will be divergent, because it includes the interaction with the background
dielectric without the interface being present. Renormalization here consists of subtracting the
corresponding expression where the dielectric 2 extends over all space. This corresponds to the
reference energy
ETEref = −2piα
∫
dζ(dk⊥)
(2pi)3 (−ζ
2)F2(Z)G2(Z)
β2
, (19)
where now we further assume G2 → 0 as z → −∞. (We can choose the same G2 in the original
configuration.) (The same caveat mentioned above applies if ε2 develops a singularity in region
1.) Subtracting this from the original energy gives the renormalized interaction energy between
the interface and the atom:
ETER = −
2piα
β2
∫
dζ(dk⊥)
(2pi)3 ζ
2 [G2,G1](0)
[F2,G1](0) F2(Z)
2. (20)
It is easy to check that this reduces to the result (7) when medium 1 is replaced by a uniform
dielectric with ε →∞.
The same procedure applies to the TM mode. The construction of the Green’s function is the
same as in Eq. (14) but where now the functions satisfy(
−∂z 1
ε(z)∂z +
k2
ε(z) + ζ
2
) 
F
G
= 0, (21)
and the Wronskian isW(z) = βε(z). Correspondingly, the generalized Wronskian is defined as
[ fi, gj]ε(z) = fi(z)
g′j(z)
εj(z) − gj(z)
f ′i (z)
εi(z) , (22)
where, as above, the subscripts refer to the two regions 1 and 2. Now it is F , G and F ′/ε, G′/ε
which are continuous. Then following the same procedure as for the TE case, we find for the
renormalized (background subtracted) TM energy
ETMR =
2piα
β2
∫
dζ(dk⊥)
(2pi)3
1
ε2(Z)2
[G2,G1]ε(0)
[F2,G1]ε(0)
[
F ′1(Z)2 + k2F1(Z)2
]
. (23)
This is easily seen to reduce to the corresponding perfect conductor energy (11) when the first
medium has infinite permittivity.
4. Exactly solvable model
There are only a few cases where both the TE and TM equations may be solved in terms of known
functions. One of them is the potential [8, 13]
ε(z) = λ(a − z)2 , (24)
where now the universe is supposed to be the region z < a. The fundamental solutions are
FE,H = (a − z)±1/2Iν(k(a − z)), (25a)
G˜E,H = (a − z)±1/2Kν(k(a − z)), (25b)
with ν =
√
λζ2 + 1/4. The corresponding effective Wronskians are βE = 1, βH = 1/λ. As an
illustration, in Fig. 1 we plot the resulting renormalized TE CP energy (7) for an atom above a
plate in such a medium, for various values of Z/a, relative to the vacuum CP energy (9), for the
special case when λ/a2 = 1, so the permittivity approaches unity at the plate. This is compared
with the perturbative approximation, as described in Ref. [13], which is readily worked out to be
ETEp = −
α
16piZ4
(
1 − 9
5
Z
)
. (26)
Note that as expected, when the atom is close to the plate, the interaction coincides with the
vacuum value, but screening sets in at larger distances.
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Fig. 1. The renormalized TE CP energy for the potential (24), describing the medium
bwtween a polarizable atom and a perfectly conducting plate, relative to the vacuum value (9).
The dots are the results of numerical integration, while the straight line is the perturbative
approximation (26).
The corresponding results for the TM mode are shown in Fig. 2. Note now the perturbative
approximation is
ETMp = −
5α
16piZ4
(
1 − 97
45
Z
)
. (27)
Now we illustrate what can happen when the analytically continued permittivity develops a
singularity in the extended region. So consider the permittivity
ε(z) = λ(a + z)2 , (28)
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Fig. 2. The renormalized TM CP energy for the potential (24), describing the medium
between a polarizable atom and a perfectly conducting plate, relative to the vacuum value (12).
The dots are the results of numerical integration, while the straight line is the perturbative
approximation (27).
which now has the singularity at −a. The solutions are like before, with (a − z) replaced by
(a + z) but now we have to interchange the roles of Iν and Kν because we want F to vanish at
infinity, and G˜ to be well-behaved at z = −a. The formula for the renormalized TE energy is then
EER = −
α
λ3/2pi
(a + Z)
∫ ∞
0
dk k
∫ ∞
1/4
dν ν
√
ν2 − 1/4 Iν(ka)
Kν(ka)K
2
ν (k(a + Z)), (29)
where we have changed the integration variable from ζ to ν. Again we consider the case λ/a2 = 1.
The perturbative approximation to this is Eq. (26) with the reversed sign of the linear term. The
numerical integration is compared with the perturbative approximation in Fig. 3.
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Fig. 3. The renormalized TE CP energy for the potential (28), describing the medium
between a polarizable atom and a perfectly conducting plate, relative to the vacuum value
(9). The dots are the results of numerical integration, while the straight line is the relative
perturbative correction 1 + 95 Z . It is seen this is the continuation of the results seen in Fig. 1.
5. Conclusion
We have show how to isolate a finite, “renormalized” Casimir-Polder interaction energy between
a plane surface of nonanalyticity, which includes a perfect reflector, and an isotropic polarizable
atom, separated by an inhomogeneous dispersive medium. (For simplicity the inhomogeneity is
restricted to a single direction, perpendicular to the plane interface.) Incorporation of anisotropy
and of dispersion in the polarizability is readily achievable. Elsewhere we will consider the more
complicated problem of the Casimir interaction between two such interfaces [14].
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